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DENOMINATORS AND DIFFERENCES OF BOUNDARY SLOPES
FOR (1,1)-KNOTS
JASON CALLAHAN
Abstract. We show that every nonzero integer occurs in the denominator
of a boundary slope for infinitely many (1,1)-knots and that infinitely many
(1,1)-knots have boundary slopes of arbitrarily small difference. Specifically,
we prove that for any integers m,n > 1 with n odd the exterior of the Mon-
tesinos knot K(−1/2, m/(2m±1), 1/n) in S3 contains an essential surface with
boundary slope r = 2(n − 1)2/n if m is even and 2(n + 1)2/n if m is odd. If
n ≥ 4m + 1, we prove that K(−1/2,m/(2m + 1), 1/n) also has a boundary
slope whose difference with r is (8m− 2)/(n2 − 4mn+ n), which decreases to
0 as n increases. All of these knots are (1,1)-knots.
1. Introduction
Embedded essential (i.e., incompressible and ∂-incompressible) surfaces have
long been crucial to the study of 3-manifolds. The most general strategy for con-
structing such surfaces in a 3-manifold M , established in [2], associates essential
surfaces to ideal points of irreducible curves in the character variety equal to the
complex algebraic set of characters of SL2C-representations of π1(M). This tech-
nique is especially effective in identifying the boundary slopes of M , i.e., the ele-
ments of π1(∂M) represented by boundary components of essential surfaces.
If M is a knot exterior in S3, then ∂M is a torus and boundary slopes are identi-
fied with elements of Q∪{∞} so that a longitude has slope 0 and a meridian slope
∞. Boundary slopes have been computed for some classes of knots: 0 and pq are
the boundary slopes for the (p, q)-torus knot, only even integers occur as boundary
slopes for two-bridge knots ([7]), and all rational numbers occur as boundary slopes
for Montesinos knots ([6]).
In this paper, we show that every nonzero integer occurs in the denominator of a
boundary slope for infinitely many (1,1)-knots, a class of knots that includes torus
knots, two-bridge knots, and some other Montesinos knots and has attracted recent
attention; e.g., [4] and [5] investigate closed and meridional essential surfaces in
(1,1)-knot exteriors. We also show that infinitely many (1,1)-knots have boundary
slopes of arbitrarily small difference. Specifically, we review the algorithm of [6] in
Section 2 and use it in Section 3 to prove:
Theorem 1.1. For any integers m,n > 1 with n odd, the exterior of the Montesinos
knot K(−1/2,m/(2m± 1), 1/n) in S3 contains an essential surface with n sheets,
one boundary component, Euler characteristic −n, and boundary slope 2(n− 1)2/n
if m is even and 2(n+ 1)2/n if m is odd.
Theorem 1.2. For any integer m ≥ 1 and odd integer n ≥ 4m+1, the exterior of
the Montesinos knot K(−1/2,m/(2m+1), 1/n) in S3 contains an essential surface
with n− 4m+1 sheets, two boundary components, Euler characteristic 2m+3−n,
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and boundary slope 2(n2 − 4mn − n + 8m − 1)/(n − 4m + 1) if m is even and
2(n2 − 4mn+ 3n− 8m+ 3)/(n− 4m+ 1) if m is odd.
Thus, ifm > 1 and n ≥ 4m+1 as above,K(−1/2,m/(2m+1), 1/n) has boundary
slopes with difference (8m−2)/(n2−4mn+n), which becomes arbitrarily small for
any m as n increases. This generalizes the main result of [8], which treats only the
case m = 2 but overlooks that the boundary slope is reducible by 2 and incorrectly
concludes that the essential surface has only one boundary component and hence
must be non-orientable; we explain this in Section 3. A review of definitions and
related results in Section 2 reveals that all knots above are (1,1)-knots, and we
conclude in Section 4 with discussion of a bound on the denominators of boundary
slopes for Montesinos knots from [9].
2. Preliminaries
As in [6], we consider Montesinos knots K(p1/q1, . . . , pn/qn) obtained by con-
necting n rational tangles of irreducible non-integral slopes p1/q1, . . . , pn/qn in a
simple cyclic pattern that yields a knot if just one qi is even or if all qi are odd
and the number of odd pi is odd. Two-bridge knots are the Montesinos knots with
n < 3, and (q1, . . . , qn)-pretzel knots are the Montesinos knots K(1/q1, . . . , 1/qn).
Following [10], the tunnel number t(K) of a knotK in S3 is the minimum number
of mutually disjoint arcs {τi} properly embedded in the exterior of K such that the
exterior of K ∪ (∪τi) is a handlebody, and K has a (g,b)-decomposition if there is
a genus g Heegaard splitting {W1,W2} of S
3 such that K intersects each Wi in a
b-string trivial arc system; then t(K) ≤ g + b − 1, so K has tunnel number one
if it admits a (1,1)-decomposition, i.e., is a (1,1)-knot. The following reveals that
the Montesinos knots K(−1/2,m/(2m± 1), 1/n) with n odd are (1,1)-knots ([10,
Theorem 2.2 and a closing remark]).
Theorem 2.1. A Montesinos knot K(p1/q1, . . . , pn/qn) is a (1,1)-knot if and only
if n = 2 or n = 3 and, up to cyclic permutation of the indices, either q1 = 2 and q2
and q3 are odd or p2/q2 ≡ p3/q3 ≡ ±1/3 mod 1 and
∑
pi/qi = ±1/(3q1).
We now recall the algorithm of [6] to compute boundary slopes for Montesinos
knots K = K(p1/q1, . . . pn/qn) with n ≥ 3 as also presented in [1], [9], [11], and
[8]. See those for details, but briefly [6] associates candidate surfaces to admissible
edgepath systems in a graph D in the uv-plane whose vertices (u, v) correspond
to projective curve systems [a, b, c] on the 4-punctured sphere carried by the train
track in Fig. 1(a) via u = b/(a+ b) and v = c/(a+ b). Specifically, the vertices of
D are:
• the ∞-tangle 〈∞〉 in Fig. 1(b) with uv-coordinates (−1, 0),
• the p/q-circles 〈p/q〉
◦
whose uv-coordinates (1, p/q) correspond to the pro-
jective curve systems [0, q, p], and
• the p/q-tangles 〈p/q〉 whose uv-coordinates ((q − 1)/q, p/q) correspond to
the projective curve systems [1, q − 1, p].
If |ps−qr| = 1, then [〈p/q〉 , 〈r/s〉] is a non-horizontal edge in D connecting 〈r/s〉
to 〈p/q〉; the remaining edges in D are:
• the horizontal edges
[
〈p/q〉 , 〈p/q〉◦
]
connecting 〈p/q〉◦ to 〈p/q〉,
• the vertical edges [〈m〉 , 〈m+ 1〉] connecting 〈m+ 1〉 to 〈m〉, and
• the infinity edges [〈∞〉 , 〈m〉] connecting 〈m〉 to 〈∞〉
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(a) The train track with projective weights a, b, and c. (b) The ∞-tangle.
Figure 1. Curve systems and tangles.
〈∞〉
〈1〉 〈1〉
◦
〈2/3〉
◦〈2/3〉
〈1/3〉
〈1/2〉
◦
〈1/2〉
〈1/3〉
◦
〈0〉
〈0〉
◦
〈−2/3〉
◦
〈−2/3〉
〈−1/3〉
〈−1/2〉◦〈−1/2〉
〈−1/3〉
◦
〈−1〉 〈−1〉
◦
...
...
Figure 2. Part of the graph D.
for any integer m. Fig. 2 shows part of the graph D.
Rational points (p/q, r/s) ∈ D∩Q2 need not be vertices of D and correspond to
the projective curve systems [s(q − p), sp, rq]. If [〈p/q〉 , 〈r/s〉] is a non-horizontal
edge in D, then k
m
〈p/q〉+m−k
m
〈r/s〉 is a rational point on this edge with coordinates
(1)
(
k(q − s) +m(s− 1)
k(q − s) +ms
,
k(p− r) +mr
k(q − s) +ms
)
If
[
〈p/q〉 , 〈p/q〉
◦
]
is a horizontal edge in D, then k
m
〈p/q〉 + m−k
m
〈p/q〉
◦
is a
rational point on this edge with coordinates ((mq − k)/mq, p/q).
An edgepath in D is a piecewise linear path [0, 1] → D that begins and ends
at rational points (not necessarily vertices) of D. An admissible edgepath system
γ = (γ1, . . . , γn) is an n-tuple of edgepaths in D such that:
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(E1) Each starting point γi(0) lies on the horizontal edge
[
〈pi/qi〉 , 〈pi/qi〉
◦
]
, and
γi is constant if γi(0) 6= 〈pi/qi〉.
(E2) Each γi is minimal, i.e., it never stops and retraces itself, and it never
travels along two sides of a triangle in D in succession.
(E3) The ending points γ1(1), . . . , γn(1) all lie on a vertical line (i.e., have the
same u-coordinate), and their v-coordinates sum to zero.
(E4) Each γi proceeds monotonically from right to left where traversing vertical
edges is permitted, i.e., if 0 ≤ t1 < t2 ≤ 1, then the u-coordinate of γi(t1)
is at least as great as the u-coordinate of γi(t2).
The aforementioned curve systems on the 4-punctured sphere describe how the
boundaries of 3-balls that decompose S3 and each contain a tangle of K intersect
properly embedded surfaces in the exterior of K, and [6] associates a finite number
of candidate surfaces to each admissible edgepath system; every essential surface in
the exterior of K with non-empty boundary of finite slope is then isotopic to one
of the candidate surfaces ([6, Proposition 1.1]). Conversely, we have the following
([8, Lemma 3] and [6, Proposition 2.1]).
Lemma 2.2. If an admissible edgepath system has ending points with positive u-
coordinate and final edges all traveling in the same direction (upward or downward)
from right to left, then all candidate surfaces are essential.
Lemma 2.3. A candidate surface is essential if any of its edgepaths is constant.
A candidate surface S for an admissible edgepath system γ = (γ1, . . . , γn) has ♯S
sheets if it meets a small meridional circle of K minimally in ♯S points. To compute
this as in [9] and [11], define the length |γi| of each γi by counting the length of a
full edge as 1 and the length of a partial edge from 〈r/s〉 to k
m
〈p/q〉 + m−k
m
〈r/s〉
as k/m; constant edges have length 0, and the length of γ is |γ| =
∑
|γi|. If γi
is not constant, let li be the least positive integer so that li|γi| ∈ Z. If γi is the
constant edgepath [ k
m
〈pi/qi〉+
m−k
m
〈pi/qi〉
◦
], let li be the least positive integer so
that lim/k ∈ Z. Then ♯S = lcm(l1, . . . , ln), and the Euler characteristic of S is ([9,
Formula 3.5]):
(2) χ(S) = −♯S
(
|γ|+ nc − n+
(
n− 2−
∑
const
1
qi
)
1
1− u
)
where nc is the number of constant edgepaths, the sum is over constant edgepaths
γi = [
k
m
〈pi/qi〉 +
m−k
m
〈pi/qi〉
◦
], and u is the u-coordinate of the ending points
γ1(1), . . . , γn(1).
To compute the boundary slope of a candidate surface S for an admissible
edgepath system γ as in [6], define the twist number of S as τ(S) = 2(e− − e+),
where e+ (e−) is the number of edges of γ that travel upward (downward) from
right to left (infinity edges are not counted). Fractional values of e± correspond to
edges of γ that only traverse a fraction of an edge in D; the segment from 〈r/s〉
to k
m
〈p/q〉 + m−k
m
〈r/s〉 counts as k/m of an edge. The boundary slope of S is
τ(S) − τ(Σ), where Σ is a Seifert surface for K that is a candidate surface found
as follows ([6, pages 460-461]).
Lemma 2.4. A candidate surface associated to an admissible edgepath system γ =
(γ1, . . . , γn) is a Seifert surface for K(p1/q1, . . . , pn/qn) if one qi is even and each
γi is a minimal edgepath from 〈pi/qi〉 to 〈∞〉 whose mod 2 reduction uses only one
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edge of the triangle in D with vertices 〈∞〉, 〈0〉, and 〈1〉 such that the total number
of odd-integer vertices in γ is even.
The denominator of a boundary slope p/q in lowest terms is the minimum number
of points each boundary component of an essential surface S with ♯S sheets meets
a small meridional circle of K, so the number of boundary components of S is
|∂S| = ♯S/q.
Finally, as noted in [6], a candidate surface may be non-orientable and incom-
pressible only in the weaker sense, not π1-injective ([7] also uses this weaker defi-
nition of incompressibility), but an orientable candidate surface associated to the
same edgepath system (and hence same boundary slope) also exists (but possibly
with twice as many sheets) as follows ([11, Lemma 2.2]).
Lemma 2.5. If S is a candidate surface with ♯S sheets associated to an admissible
edgepath system, then there exists an orientable candidate surface with ♯S or 2♯S
sheets associated to the same edgepath system.
3. Our Results
We now prove Theorem 1.1 restated here for convenience.
Theorem 3.1. For any integers m,n > 1 with n odd, the exterior of the Montesinos
knot K = K(−1/2,m/(2m± 1), 1/n) contains an essential surface with n sheets,
one boundary component, Euler characteristic −n, and boundary slope 2(n− 1)2/n
if m is even and 2(n+ 1)2/n if m is odd.
Proof. Let γ be the edgepath system given by
γ1 =
[
1
n
〈−1〉+
n− 1
n
〈
−
1
2
〉
,
〈
−
1
2
〉]
γ2 =
[
1
n
〈0〉+
n− 1
n
〈
1
2
〉
,
〈
1
2
〉
,
〈
m
2m± 1
〉]
γ3 =
[
n− 1
n
〈0〉+
1
n
〈
1
n
〉
,
〈
1
n
〉]
See Fig. 3 for the case of 2m− 1 with m = 2 and n = 3. To obtain an associated
candidate surface, we verify that γ satisfies conditions (E1-4):
(E1) γ1(0) = 〈−1/2〉 lies on
[
〈−1/2〉 , 〈−1/2〉
◦
]
, γ2(0) = 〈m/(2m± 1)〉 lies on[
〈m/(2m± 1)〉 , 〈m/(2m± 1)〉
◦
]
, and γ3(0) = 〈1/n〉 lies on
[
〈1/n〉 , 〈1/n〉
◦
]
;
none of the γi are constant.
(E2) No γi stops and retraces itself or travels along two sides of a triangle in D
in succession.
(E3) Using Formula (1),
γ1(1) =
1
n
〈−1〉+
n− 1
n
〈
−
1
2
〉
=
(
n− 1
2n− 1
,
−n
2n− 1
)
γ2(1) =
1
n
〈0〉+
n− 1
n
〈
1
2
〉
=
(
n− 1
2n− 1
,
n− 1
2n− 1
)
γ3(1) =
n− 1
n
〈0〉+
1
n
〈
1
n
〉
=
(
n− 1
2n− 1
,
1
2n− 1
)
These lie on a vertical line (i.e., have the same u-coordinate), and their
v-coordinates sum to zero.
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〈∞〉
〈1〉 〈1〉◦
〈2/3〉
◦
〈2/3〉
〈1/2〉
◦
γ2
γ1
γ3
〈1/3〉◦
〈0〉 〈1/n〉
◦
〈−1/n〉
◦
〈−2/3〉◦
〈−2/3〉
〈−1/2〉
◦
〈−1/3〉◦
〈−1〉 〈−1〉
◦
Figure 3. The edgepath system γ for the case of 2m − 1 with
m = 2 and n = 3.
(E4) Each γi proceeds monotonically from right to left.
Hence, γ is an admissible edgepath system, so a candidate surface S in the
exterior of K can be associated to it. Because n > 1, the u-coordinate of the
ending points γi(1) is positive, and all final edges travel downward from right to
left; therefore, S is essential by Lemma 2.2.
Now |γ1| = 1/n, |γ2| = (n+1)/n, and |γ3| = (n− 1)/n, so n is the least positive
integer such that n|γi| ∈ Z for all i, so S has n sheets and Euler characteristic −n
by Formula (2).
In the case of 2m−1, all edges of γ travel downward from right to left, so e+ = 0,
e− = (2n+ 1)/n, and τ(S) = (4n+ 2)/n.
In the case of 2m+1, γ2 is one edge upward followed by 1/n of an edge downward
from right to left; all other edges remain downward from right to left, so e+ = 1,
e− = (n+ 1)/n, and τ(S) = 2/n.
We now find a Seifert surface for K that is a candidate surface for an admissible
edgepath system. If m is even, let δ be the edgepath system
δ1 =
[
〈∞〉 , 〈−1〉 ,
〈
−
1
2
〉]
δ2 =
[
〈∞〉 , 〈0〉 ,
〈
1
2
〉
,
〈
m
2m± 1
〉]
δ3 =
[
〈∞〉 , 〈1〉 ,
〈
1
2
〉
, . . . ,
〈
1
n− 1
〉
,
〈
1
n
〉]
See Fig. 4 for the case of 2m− 1 with m = 2 and n = 3. To obtain an associated
candidate surface, we verify that δ satisfies conditions (E1-4):
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〈∞〉
〈1〉 〈1〉
◦
〈2/3〉◦
〈2/3〉
〈1/2〉
◦
δ2
δ1
δ3
〈1/3〉
◦
〈0〉 〈1/n〉
◦
〈−1/n〉◦
〈−2/3〉◦
〈−2/3〉
〈−1/2〉◦
〈−1/3〉
◦
〈−1〉 〈−1〉
◦
Figure 4. The edgepath system δ for the case of 2m − 1 with
m = 2 and n = 3.
(E1) δ1(0) = 〈−1/2〉 lies on
[
〈−1/2〉 , 〈−1/2〉
◦
]
, δ2(0) = 〈m/(2m± 1)〉 lies on[
〈m/(2m± 1)〉 , 〈m/(2m± 1)〉
◦
]
, and δ3(0) = 〈1/n〉 lies on
[
〈1/n〉 , 〈1/n〉
◦
]
;
none of the δi are constant.
(E2) No δi stops and retraces itself or travels along two sides of a triangle in D
in succession.
(E3) Each δi(1) = 〈∞〉 = (−1, 0), so they all lie on a vertical line (i.e., have the
same u-coordinate), and their v-coordinates sum to zero.
(E4) Each δi proceeds monotonically from right to left.
Hence, δ is an admissible edgepath system with one qi even and each δi a minimal
edgepath from 〈pi/qi〉 to 〈∞〉 with integer vertices 〈−1〉, 〈0〉, and 〈1〉 and mod 2
reductions that use only the edges [〈∞〉 , 〈1〉], [〈∞〉 , 〈0〉], and [〈∞〉 , 〈1〉] respectively,
so a candidate surface Σ is a Seifert surface for K by Lemma 2.4.
Ignoring the infinity edges, in the case of 2m − 1, δ3 consists of n − 1 edges
traveling upward from right to left; all other edges travel downward from right
to left, so e+ = n − 1, e− = 3, τ(Σ) = 8 − 2n, and the boundary slope of S is
τ(S)− τ(Σ) = 2(n− 1)2/n.
Again ignoring the infinity edges, in the case of 2m+ 1, δ2 is one edge traveling
upward followed by one traveling downward from right to left; all other edges remain
unchanged, so e+ = n, e− = 2, τ(Σ) = 4−2n, and the boundary slope of S is again
τ(S)− τ(Σ) = 2(n− 1)2/n.
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If m is odd, let δ be the edgepath system
δ1 =
[
〈∞〉 , 〈0〉 ,
〈
−
1
2
〉]
δ2 =
[
〈∞〉 , 〈1〉 ,
〈
1
2
〉
,
〈
m
2m± 1
〉]
δ3 =
[
〈∞〉 , 〈1〉 ,
〈
1
2
〉
, . . . ,
〈
1
n− 1
〉
,
〈
1
n
〉]
We again verify that δ satisfies conditions (E1-4):
(E1) δ1(0) = 〈−1/2〉 lies on
[
〈−1/2〉 , 〈−1/2〉◦
]
, δ2(0) = 〈m/(2m± 1)〉 lies on[
〈m/(2m± 1)〉 , 〈m/(2m± 1)〉◦
]
, and δ3(0) = 〈1/n〉 lies on
[
〈1/n〉 , 〈1/n〉◦
]
;
none of the δi are constant.
(E2) No δi stops and retraces itself or travels along two sides of a triangle in D
in succession.
(E3) Each δi(1) = 〈∞〉 = (−1, 0), so they all lie on a vertical line (i.e., have the
same u-coordinates), and their v-coordinates sum to zero.
(E4) Each δi proceeds monotonically from right to left.
Hence, δ is an admissible edgepath system with one qi even and each δi a minimal
edgepath from 〈pi/qi〉 to 〈∞〉 with integer vertices 〈0〉, 〈1〉, and 〈1〉 and mod 2
reductions that use only the edges [〈∞〉 , 〈0〉], [〈∞〉 , 〈1〉], and [〈∞〉 , 〈1〉] respectively,
so a candidate surface Σ is a Seifert surface for K by Lemma 2.4.
Ignoring the infinity edges, in the case of 2m− 1, δ2 is one edge traveling down-
ward followed by one traveling upward from right to left; all other edges travel
upward from right to left, so e+ = n + 1, e− = 1, τ(Σ) = −2n, and the boundary
slope of S is τ(S) − τ(Σ) = 2(n+ 1)2/n.
Again ignoring the infinity edges, in the case of 2m+ 1, all edges travel upward
from right to left, so e+ = n+ 2, e− = 0, τ(Σ) = −4− 2n, and the boundary slope
of S is again τ(S) − τ(Σ) = 2(n+ 1)2/n.
Because n is odd, the boundary slope 2(n± 1)2/n is in lowest terms, so since S
has n sheets, it has one boundary component for m even or odd. 
While the essential surface just constructed has only one boundary component
and hence is non-orientable, by Lemma 2.5 there also exists an orientable candidate
surface with twice as many sheets and boundary components associated to the same
admissible edgepath system, so it too is essential with the same boundary slope but
twice the Euler characteristic; that is:
Corollary 3.2. For any integers m,n > 1 with n odd, the exterior of the Mon-
tesinos knot K(−1/2,m/(2m± 1), 1/n) in S3 contains an orientable essential sur-
face with 2n sheets, two boundary components, Euler characteristic −2n, and bound-
ary slope 2(n− 1)2/n if m is even and 2(n+ 1)2/n if m is odd.
We now prove Theorem 1.2 restated here for convenience.
Theorem 3.3. For any integer m ≥ 1 and odd integer n ≥ 4m+1, the exterior of
the Montesinos knot K = K(−1/2,m/(2m+ 1), 1/n) in S3 contains an essential
surface with n − 4m + 1 sheets, two boundary components, Euler characteristic
2m+ 3 − n, and boundary slope 2(n2 − 4mn − n + 8m− 1)/(n − 4m + 1) if m is
even and 2(n2 − 4mn+ 3n− 8m+ 3)/(n− 4m+ 1) if m is odd.
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Proof. Let γ be the edgepath system given by
γ1 =
[
n− 4m+ 1
n− 2m
〈
−
1
2
〉
+
2m− 1
n− 2m
〈
−
1
2
〉◦]
γ2 =
[
n− 4m− 1
n− 4m+ 1
〈
1
2
〉
+
2
n− 4m+ 1
〈
m
2m+ 1
〉
,
〈
m
2m+ 1
〉]
γ3 =
[
n− 4m
n− 4m+ 1
〈0〉+
1
n− 4m+ 1
〈
1
n
〉
,
〈
1
n
〉]
We verify that γ satisfies conditions (E1-4):
(E1) γ1 is constant and lies on
[
〈−1/2〉 , 〈−1/2〉
◦
]
, γ2(0) = 〈m/(2m± 1)〉 lies on[
〈m/(2m± 1)〉 , 〈m/(2m± 1)〉
◦
]
, and γ3(0) = 〈1/n〉 lies on
[
〈1/n〉 , 〈1/n〉
◦
]
.
(E2) No γi stops and retraces itself or travels along two sides of a triangle in D
in succession.
(E3) Using Formula (1) and the formula that follows it,
γ1(1) =
n− 4m+ 1
n− 2m
〈
−
1
2
〉
+
2m− 1
n− 2m
〈
−
1
2
〉◦
=
(
n− 1
2n− 4m
,−
1
2
)
γ2(1) =
n− 4m− 1
n− 4m+ 1
〈
1
2
〉
+
2
n− 4m+ 1
〈
m
2m+ 1
〉
=
(
n− 1
2n− 4m
,
n− 2m− 1
2n− 4m
)
γ3(1) =
n− 4m
n− 4m+ 1
〈0〉+
1
n− 4m+ 1
〈
1
n
〉
=
(
n− 1
2n− 4m
,
1
2n− 4m
)
These lie on a vertical line (i.e., have the same u-coordinate), and their
v-coordinates sum to zero.
(E4) Each γi proceeds monotonically from right to left.
Hence, γ is an admissible edgepath system, so a candidate surface S can be
associated to it. Because γ1 is constant, S is essential by Lemma 2.3.
Now |γ2| =
n−4m−1
n−4m+1 and |γ3| =
n−4m
n−4m+1 , so n−4m+1 is the least positive integer
such that n|γ2|, n|γ3| ∈ Z, and (n− 4m+ 1)
n−2m
n−4m+1 ∈ Z for the constant edgepath
γ1, so S has n− 4m+1 sheets and Euler characteristic 2m+3−n by Formula (2).
Since γ1 is constant, γ2 is
n−4m−1
n−4m+1 of an edge traveling upward, and γ3 is
n−4m
n−4m+1
of an edge traveling downward from right to left, e+ =
n−4m−1
n−4m+1 , e− =
n−4m
n−4m+1 , and
τ(S) = 2/(n− 4m+ 1).
The same admissible edgepath systems whose associated candidate surfaces were
Seifert surfaces Σ for K in the proof of Theorem 3.1 work here as well; recall that
τ(Σ) = 4 − 2n if m is even and −4 − 2n if m is odd, so the boundary slope of
S is τ(S) − τ(Σ) = 2(n2 − 4mn − n + 8m − 1)/(n − 4m + 1) if m is even and
2(n2 − 4mn+ 3n− 8m+ 3)/(n− 4m+ 1) if m is odd.
Because n is odd, n− 4m+1 is even, so the boundary slopes above are reducible
by 2. Rewriting as 2n− 4 + 2
n−4m+1 if m is even and 2n+ 4+
2
n−4m+1 if m is odd
shows that in either case the denominator of the boundary slope in lowest terms
is (n − 4m + 1)/2 ∈ Z, so since S has n − 4m + 1 sheets, it has two boundary
components. 
10 JASON CALLAHAN
Since the essential surface just constructed has two boundary components, it
may be orientable; e.g., if m = 1 and n = 5, K(−1/2, 1/3, 1/5) is the (−2, 3, 5)-
pretzel knot, and the essential surface is an annulus, and if m = 1 and n = 7,
K(−1/2, 1/3, 1/7) is the (−2, 3, 7)-pretzel knot, and the essential surface is a twice-
punctured torus (cf. [11]). Reducibility of the boundary slope was overlooked in
[8], which considers only the case m = 2 (i.e., the knots K(−1/2, 2/5, 1/n)) and
incorrectly concludes that the essential surface has only one boundary component
and hence must be non-orientable; in this case, the denominator of the boundary
slope is actually half the Euler characteristic of the essential surface, which in fact
has two boundary components. In any case, orientable essential surfaces can always
be obtained by Lemma 2.5 as before.
Generalizing the main result of [8], which treats only the case m = 2, we see
that infinitely many knots have boundary slopes of arbitrarily small difference:
Corollary 3.4. For any ǫ > 0 and integer m > 1, there exists an integer N such
that for all n ≥ N , the Montesinos knot K(−1/2,m/(2m+ 1), 1/n) has boundary
slopes with difference less than ǫ.
Proof. Let ǫ > 0 and m > 1. If n ≥ 4m + 1, K(−1/2,m/(2m + 1), 1/n) has
boundary slopes 2(n− 1)2/n and 2(n2 − 4mn− n+ 8m− 1)/(n− 4m+ 1) if m is
even and 2(n+1)2/n and 2(n2 − 4mn+3n− 8m+ 3)/(n− 4m+ 1) if m is odd by
Theorems 3.1 and 3.3. In either case, their difference is (8m− 2)/(n2 − 4mn+ n),
which decreases to 0 as n increases. Thus, there exists an integer N ≥ 4m+1 such
that (8m− 2)/(n2 − 4mn+ n) < ǫ for all n ≥ N . 
Theorem 2.1 establishes that all knots considered in this section are (1,1)-knots,
so Theorem 3.1 shows that any odd integer n > 1 occurs in the denominator of a
boundary slope for infinitely many (1,1)-knots, and the proof of Theorem 3.3 shows
that all nonzero integers occur in the denominator of a boundary slope for infinitely
many (1,1)-knots:
Corollary 3.5. For any integers m, q ≥ 1, K(−1/2,m/(2m+1), 1/(4m+2q− 1))
has a boundary slope with denominator q.
Note that throughout this paper we assume that denominators are positive, but
boundary slopes are negated for a knot’s mirror image.
4. Discussion
We conclude with discussion of the following bound on the denominators of
boundary slopes for Montesinos knots ([9, Theorem 1.1]).
Theorem 4.1. Let K be a Montesinos knot with at least three rational tangles and
S an essential surface in the exterior of K in S3 with boundary slope p/q. If K
is not a (−2, 3, n)-pretzel knot for odd n ≥ 3, then q ≤ −χ(S)/|∂S|. If K is a
(−2, 3, n)-pretzel knot for odd n ≥ 3, then q ≤ −χ(S)/|∂S|+ 1.
By Theorem 3.1, for all integers m,n > 1 with n odd, the Montesinos knot
K(−1/2,m/(2m± 1), 1/n), which is not equivalent to any (−2, 3, t)-pretzel knot,
achieves the first bound. Only knots equivalent to the case m = 2 are discussed in
[9] and deemed “the best possibility” (see [12] for equivalence of Montesinos knots).
Thus, Theorem 3.1 generalizes this result to all integers m > 1.
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If m = 1 in Theorem 3.3, we see that for any odd integer n ≥ 5 the Mon-
tesinos knot K(−1/2, 1/3, 1/n), which is equivalent to the (−2, 3, n)-pretzel knot,
has boundary slope with denominator (n − 3)/2 and hence achieves the second
bound above. Knots equivalent to these are also discussed in [9] and deemed “the
best possibility.”
If m = 2 in Theorem 3.3, we see that for any odd integer n ≥ 9 the Montesinos
knot K(−1/2, 2/5, 1/n), which is not equivalent to any (−2, 3, t)-pretzel knot, has
boundary slope with denominator (n − 7)/2 and hence achieves the first bound
above. Knots equivalent to these are discussed in [9] but are not deemed “the best
possibility.”
Finally, by Theorem 3.3, for all m > 2 and odd n ≥ 4m+1, the Montesinos knot
K(−1/2,m/(2m+ 1), 1/n), which is not equivalent to any (−2, 3, t)-pretzel knot,
has boundary slope with denominator (n − 4m + 1)/2 and hence achieves neither
bound. Knots equivalent to these are also mentioned in [9].
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